
§ Surface Integral ^Ñ=Ñ✗Ñ

Parametrized surface : Kai ÉYon
>

>
u
↑É¥ÉsÑluv)=(Nuit , Ymir , Huh?

Let Ñ=ÑxÑ
:

HÑH = area distortion factor :-&
,

dirÑ=±ñ unit normal vector
.

Surface Integral of scalar ; do :=limIfoI≈1ÑHoA
OF> °

Flux
: ftp.ridf-lim-HF?nYojnt-N-?oAoG-o

Computation : Ñdr=±lFu✗Ñ)dudv
,
do=HÑ✗ÑHdudv



tips
Ex : E- 4.9.07 .

S sphere of radius a. Ñ outward < to >

Parametrization Fae
. f)=/asinyasf.asinpsino.am> <←

€ -
%

-

-→ ¥
"

spherical cord
"

c
£ ↳

* = (a boil call
.
aasysi.no , -a since >

↓ ↓
Fo = <-asinlfsinl , a sin4 Cost . 0 >

⇒ the ✗to = (a'singles 0 , a'siiigsinf.ci since coil >
= a. since SEVERELY> = + ñ

Hence:/fsFIÑdI= / a' sink die do = ¥a? ☐

CasingasO.asinosi.O.co#siH..asinUded0



0 notatim : D
"

del
"

= 4¥
. ¥ ,

¥ >

• of __ < ¥, ¥y,¥z > = : gradf gradient

• 8.E- <¥
, }, ¥ >.< p.a.pe > = +3-9+3-1 = :divF divergence

• P✗F= /
if ñ

¥ ,É / =L - Ez
.
¥
.

- ¥
.
:& - ¥
, >

= :oureÉ curl

• Tf =p .fr/-)-- 3¥. -1¥. +3¥, of Laplacian
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Divergence Theorem : Sekine surface enclosing D
oriented with ñoutwardsmn→É defined everywhere in D.

↓
Then ftp.F?ridr--fffpdivFdV
or
, $,#QR >

•ñdr = 111,11?+Qy+Rz)dV
↑Physical intuition : ↑

the amount of fluid flwsoutofs the amount of fluid generated by sources ins
.

Ex : É=L× .gr?.divF=2 .

⇒ f§F?ñdr= 2. dV=2vollD)=¥a3
D

share of radius a Éuof radius a



Proof of divergence than

a simplify.int#ad: Only need to pore ☆s <° . ° . R > ñdr = Rzdv

then get the general case by summing three such identities , one for each cpt .

(2) Simplifydomainm : Decomposed into verticallysimpkdomainsmitopz-zdx.gl
Prove the identity for each small pieces . 2- ^ ^- side
and sum together to get the general case .

I 2- = -2,1791131
. Kaine : F-Go. R> on vertically simple D.
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i.
• Rzdv⇒

""""

Rzdzldxdy =//RH.y.tdx.gl/-Rlx.y.ZiH.yi1dxdyui4lx.y.l
u

• ☆5- Jltopt //bottom '_ f)sides
≈ Rlxifzolxipl

on top ← Ñ upwards
f)top = 0.0.11> • 1- 3¥

. -75.1>dxdy-ffuRH.y.tdx.yidxdy-RKifzix.it/ on bottom ¢ñ downwards

ftp.aom-f/u4.o.R7.lE.F.-Idxdy--ffu-RHifZixipdxdy
f) sides = 0 Since 6,0 ,R> is normal ton

.
☐

( sgmphs.FIxip-lx.y.Tx.gs?:r?--4.o.-x > ⇒ Ñ✗ry→=s-f× ,

- fy , 1 > )
F-4. 1. fy > so ñdr=±s_f×

,

- fy
,
1) dxdy



Stokes ' Theorem / in BY s

C..si#enkkcurves . ñ+É compatible orientation

with C

5. Any surface> bounded hyc

¥ : smoothly defined everywhere ons

Then : §oÉdr→=%curlÉ.ñdr



1- ^

Idgaf : • True for C. Sin '9- Plan :
× ,
?

§É.DE/oPdxi-Qdy--..fflQx-Py)dxdy--ffgcurlE.ri,dg' '

(Green 's thin) irdxdy

• True for C. Sinay planes

• Given any 5. decompose itintotiny.almostfktpie.si

Sumoffluxthrogheaohpiea -_ totaltluxthnrghs
" workaround " = total work along C. ☐



• Stokes and Pathtndependentm (7×67)=-0)
Recall F' gradient ⇔ path - indep ⇔ conservative ⇒ careF=o

☆
Tha :

On a Empty-handed region R -B? # gradient/path- indep / conservatives turf:-O

lie
, every closed loop inside it bound a surface inside it .

)

Ex : ☒3- {o}
.

.
.
. . . .

.

sphere 5 ; B.3- { z-axis}
"
ᵗ

!⊖ torus -12U >

y
✗ < Surface

simply - Connected NOT simply - connected



• Stokes and surfaatndependene.it

:suppose G. % both bound C. then Stokes -1hm

⇒ ftp.dr-kfsiaref?nidr-.-ffs.burlF.nido
why same ? py

Is
,

Carli? ñdo - A. cureEni do = ④ cureE. ñdr
5-9-52

( Divergence -1hm/± 111
,
divlcurlf) dV

On the other hand , we know divlcurlE) = 0.6×1=7 V1 Ry- OH , Pz -13,0×-1} >
0


